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ABSTRACT 


Based  on  an  axiomatic  framework  for  a dynamic  production  structure 
a law  of  diminishing  returns  is  derived.  This  law  shows  that  for 
output  to  be  bounded  in  rate  (i.e.,  norm)  and  in  time  availability 
(i.e.,  support)  it  is  necessary  and  sufficient  that  an  essential 
subvector  of  inputs  is  likewise  bounded  in  rate  and  time  avail- 
ability. ^ 


A DYNAMIC  FORMULATION  OF  THE  LAW  OF  DIMINISHING  RETURNS 


by 

Rolf  Fare 

1.  INTRODUCTION 

The  law  of  diminishing  returns,  originally  formulated  by  Turgot  [10] 
for  agriculture,  has  recently  been  investigated  within  a steady  state 
framework  for  production  (see  [2],  [3],  [4]  and  [6]).  In  his  work 
on  the  law  Shephard  (see  [4])  showed,  for  a single  net  output 
production  technology,  that  for  a bounded  factor  combination  to  limit 
output  it  is  necessary  and  sufficient  that  it  is  essential.  By 
essentiality  it  is  understood  that  only  zero  output  is  obtainable  when 
the  essential  factors  are  null.  He  also  showed  that  in  general,  not 
every  positive  bound  on  the  essential  factors  leads  to  bounded  output. 

On  this  issue  Fare  (see  [2])^  gave  a sufficient  condition.  The  work 
by  Shephard  on  the  law  of  diminishing  returns  was  generalized  in  [6] 
to  hold  for  steady  state  multi-output  production  technologies. 

A dynamic  theory  for  production  correspondences  is  being  developed 
by  Shephard  and  Fare,  see  Section  2 for  details.  Inputs  and  net  outputs 
are  treated  as  functions  of  time.  For  such  production  structures,  two 
questions  are  important  in  relation  to  the  law  of  diminishing  returns. 
First,  does  there  exist  a positive  bound  on  the  rate  (i.e.,  the  norm) 
of  an  essential  subvector  of  inputs  such  that  the  rate  of  net  output  is 


(1) 


Note  that  the  condition  given  is  not  necessary  as  claimed. 
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bounded?  Second,  does  there  exist  a bound  on  the  time  availability 
(i.e.,  the  support)  of  an  essential  subvector  of  inputs  such  that  net 
output  is  not  available  after  a finite  time  horizon? 

This  paper  is  addressed  to  each  of  the  two  questions  and  it  is 
shown  that  there  are  bounds  both  on  the  rate  and  the  time  availability 
of  essential  Inputs  such  that  net  output  rate  is  bounded  and  such 
that  net  output  is  not  available  after  a finite  horizon.  Consequently 
the  smallest  of  these  bounds  serve  to  bound  net  output  rate  and  net 
output  (time)  availability.  The  law  of  diminishing  returns  is  understood 
to  mean  the  existence  of  these  bounds. 

Necessary  and  sufficient  conditions  on  the  production  structure, 
beyond  the  axioms,  such  that  each  bound  on  an  essential  factor  combination 
bounds  output  rate  and  output  (time)  availability,  are  also  given. 

In  particular  an  input  homothetic  production  structure  satisfies  these 


conditions. 
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2.  THE  GENERAL  TECHNOLOGY 

A general  dynamic  production  structure  Is  modelled  here  as  In  [7] 
by  an  output  correspondence  x P(x)  of  Input  (vector)  histories 
x e to  subsets  of  output  histories  u e BM^  (i.e.,  BM+  for 

short)  or  Inversely  by  an  input  correspondence  u ]L(u)  of  output 
histories  u to  subsets  of  input  (vector)  histories  x . F(x) 
denotes  the  set  of  all  output  histories  obtainable  from  a vector  of 
input  histories  x e BM^  and  IL(u)  all  input  histories  yielding  at 
least  the  output  history  u e BM+  . The  two  correspondences  are 
inversely  related  by 


IL(u)  : = jx  e BM^  | u e P(x)|  and  IP(x)  : « {u  e BM+  | x e IL(u)}  . 

u e BM+  denotes  a net  output  history  with  u(t)  equal  the  number  of 
units  per  unit  time  at  time  t e [0,+— ) . Similar  for  each 
i e (1,2,  ....  n}  , (x^x^  ....  ....  xr)  e BM^  , x^t)  denotes 

the  number  of  units  per  unit  time  at  t e [0,-H»)  . 

The  basic  axioms  taken  for  the  dynamic  production  structure  follow 
essentially  those  of  [7]  and  they  are: 


TP.l  F(0)  - 0 ; 

IP. 2 3P(x)  is  bounded  for 


| |x| | finite; 


IP. 3 IP(X  • x)  D IP (x)  for  X > 1 , x e Bm"  ; 


^BM“  : = {f  e BM01  | f(t)  > 0 , t e [0,+“)}  , a * n or  1 , where 
BM°  : = { f : = ( f1»f2 , ....  fQ)  I : 10,+-)  -*•  K , f±  is  bounded  and 
measurable  with  | | f ± | | : - sup  { | f ^ (t ) | | t e [0,+-)}  and  the  Euclidean 

product  norm}  . BM01  is  a Banach  space,  i.e.,  complete  normed  linear 
(see  [7]). 
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IP. 4 If  u e P(X  • x)  for  some  X > 0 and  x e BM^  , then 
for  each  scalar  0 e (0,+«>)  , there  is  a Xg  such  that 
(0  • u)  e P(XQ  • x)  ; 

IP. 5 The  correspondence  x P(x)  is  closed  (i.e., 

[{x  } -*■  x , {u  } -*■  u with  u e lP(x  ) for  all  n] 
n o n o n n 

u e TP (x  ))  ; 
o o 

TP. 6 u e 3P(x)  =*  {v  I 0 < v < u}  C IP(x)  , x e BM°  : 

* “ + 

P.A.A.  The  Asymmetric  Axiom:  The  efficient  subset  of  input 

histories,  lEff  IL(u)  : = <jx  e Bm”  | x e IL(u)  , y < x^^  =t> 
y ^ lL(u)j  , is  totally  bounded ^ for  u e BM^  , u ^ 0 , 
and  lEff  IL(0)  : = 0 . 

The  first  property  of  the  output  correspondence  x -*■  IP(x)  states 
that  for  null  inputs,  there  can  be  only  null  output  a self-evident 
axiom.  For  bounded  input  histories  only  bounded  output  is  obtainable 
i.e.,  property  IP. 2 excludes  e.g.,  the  possibility  of  infinite  accumula- 
tion. The  third  axiom  is  a statement  concerning  disposability  of  inputs. 
It  says  that  individual  input  (vector)  histories  are  disposable.  Axiom 
four  models  obtainability  and  is  motivated  by  the  possibility  of  "doubling 
size  of  operation."  The  closeness  axiom  (IP. 5)  guarantees  that  these 
are  efficient  input  and  output  histories.  Note  that  P.5  implies  and  is 
implied  by  that  the  input  correspondence  u -*■  IL(u)  is  also  closed. 


(3) 

y <_  x means  y < x^  i = 1,2,  ...,  n and  y^  < x^  for  some  i . 
y < x^  means  yi(t)  < x^(t)  for  all  t e [0,+®)  and  y^(t)  < x^t) 
for  some  t e [0,-f®)  . 

(4) 

A set  in  BM+  is  totally  bounded  if  and  only  if  every  infinite 
sequence  in  the  set  contains  a Cauchy  subsequence. 
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Disposability  of  output  histories  is  modelled  by  axiom  IP. 6.  This 
disposability  axiom  may  be  weakened  to  read  u e lP(x)  implies 
{v  | v » 6 • u , 0 e [0,1]}  C IP(x)  , but  for  pedagogical  reasons  the 
stronger  form  IP. 6 is  applied  in  this  paper.  Finally,  the  asymmetric 
axiom  is  used  to  put  a limit  to  input  histories  to  be  termed  efficient. 

Throughout  this  paper  the  above  axioms  are  used  as  the  basic  model 
for  production.  Although  frequently  in  the  sequel  the  equivalent  axioms 
on  the  input  correspondence  are  used,  they  are  all  easy  to  derive  and 
thus  they  are  not  listed  here. 

If  only  constant  input  and  output  histories  are  considered,  the 
subspaces  so  obtained  from  BMn  and  BM  are  isometrically  isomorphic 
(i.e.,  equivalent)  to  !Rn  and  1R  , respectively.  Consequently  the 
steady  state  models  discussed  in  [4]  and  [5]  are  special  cases  of  the 
dynamic  production  structure. 
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3.  PROPERTIES  OF  THE  GENERAL  TECHNOLOGY 

A major  interest  in  economic  theory  is  to  find  efficient  allocations. 
It  is  therefore  important  to  show  that  the  above  production  technology 
guarantees  the  existence  of  efficient  input  and  output  histories. 

Proposition  1: 

IL(u)  nonempty  implies  lEff  l(u)  nonempty,  u e BM+  . 

Proof : 

Assume  IL(u)  nonempty  for  some  u ^ 0 ( lEff  1L(0)  : = 0)  and 

let  x°  e ]L  (u)  . Define  Fq  : = |lL(u)  H <jx  e BM^  | x < x° 

Fq  is  a closed  set  as  the  intersection  of  two  closed  set.  Furthermore, 

define  f(x°)  : » sup  || |x°  — x | | | x e FQ|  . f(x°)  < +«°  is  the  diameter 

of  Fq  measured  from  x°  . If  f(x°)  = 0 , then  x°  e lEff  IL(u)  and 

o * 

the  proof  is  done.  Thus  assume  f(x  ) > 0 and  let  x be  an  input 

O I l O ^ II  <v  q 

vector  such  that  f(x)=||x  -x||  . Define  x : = (x  - x ) and 
consider  F^  : - ^L(u)Pl|x  e BM*^  | x < x + x/2 . Clearly  F^  c F^ 
and  Fj,  is  closed.  By  repeating  this  procedure  one  obtains; 

Fn  : = ^lL(u)  n |x  e BM+  | x < x + x/2n|j  , F^C  Fn+^»  n = 1*2,  » 

F is  closed  and  the  diameter  of  F (i.e.,  d(F  ) : * sup  {I  lx  - y| I 
x,y  e tends  to  zero  as  n ■*  «°  . 

It  now  follows  from  Cantor's  Intersection  Theorem,  (see  [8],  p.  73), 

that  I n F ] = {x}  is  a singleton.  Consequently,  x e lEff  IL(u) 

\n-l  n/ 

and  the  proposition  holds. 


Q.E.D. 
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It  is  useful  for  the  sequel  to  show  that  the  input  set  IL(u)  is 
contained  in  a decomposition  of  input  histories  into  those  that  are 
efficient  and  those  that  belong  to  BM^  . 


Proposition  2: 


IL(u)  C |lEff  ]L(u)  + BM^j  ,(6)  u e BM^ 


Proof : 

Define  lLS(u)  : = IL(u)  + BM^  :=|x|x*y+z,ye  IL(u)  , z e BM^j> 

S S 

and  note  that  IL(u)  C 1L  (u)  . It  is  first  shown  that  lEff  ]L  (u)  = lEff  IL(u)  . 
This  is  clearly  true  for  u = 0 and  for  u such  that  IL(u)  empty. 

g 

Thus  assume  u t 0 with  IL(u)  nonempty,  and  let  x e lEff  IL(u)  c IL(u)  C 1L  (u) 

s s 

For  y x , y { IL(u)  implying  y ^ IL^u)  . Hence  lEff  IL(u)  C lEff  1L  (u)  . 

g 

Conversely,  let  x e lEff  1L  (u)  . Then  x =■  y + z , y e IL(u)  and 
z e Bm”  . For  x e lEff  HS(u)  it  is  necessary  that  z = 0 , consequently 
x e lEff  IL(u)  . Hence  lEff  HS(u)  = lEff  IL(u)  . 

The  following  lemma  serves  the  proof : 


Lemma  1: 


IL^(u)  is  a connected  subset  of  BM^  . 


Proof : 


Let  x , y e IL(u)  , x ^ y . Since  !LS(u)  r = IL(u)  + BM^  , the 
intersection  |x  + BM+j  D |y  + BM+j  is  nonempty.  Also 


JThis  and  Proposition  3 are  also  proved  in  [7] 


'For  a set  S , S denotes  its  closure. 
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(*  + <) 


is  the  union  of  connected  subsets  with  non- 


1L  (u)  = U 

xe  ]L(u) 

g 

empty  intersection.  Therefore  E (u)  is  connected. 


Q.E.D. 


To  continue  the  proof  of  Proposition  2,  consider  x°  e IL^(u)  and 

define  Fq  : = |x  e BM^  | x < x°|  . Fq  is  closed  and  Eff  E^(u)  D Fq  *= 

Eff  E(u)  n FQ  is  a compact  subset  of  BM^  (see  asymmetric  axiom). 

Eff  E(u)  n Fq  is  nonempty  because  if  not,  lEff  E(u)  and  Fq  are  dis- 

S * 

joint  contradicting  the  connectedness  of  E (u)  . Let  x yield 

min  (||x||  | x e ( Eff  ]L(u)  Pi  Fq))  • The  point  x exists  since  the 

* 

norm  is  continuous  and  ( lEff  IL(u)  O Fq)  is  compact.  Since  x e Eff  E(u)  , 

and  y»x  +(y-x)  with  (y  - x ) e BM^  , y z TEE  E(u)  + Bm"  , 

and  E^(u)  C Eff  E(u)  + BM^  . Finally  since  E(u)C  ES(u)  , 

E(u)  C Eff  E(u)  + BM"  . Q.E.D. 


Frequently  in  economics,  like  in  the  theory  of  exhaustible  resources 
(see  [9]),  dynamic  neoclassical  production  functions  are  applied.  It 
is  therefore  of  interest  to  determine  their  existence,  hence  introduce: 


Definition  1: 

The  functional  # defined  pointwise  by  #(x(t))  : = 
max  (u(t)  e E+  | u e E(x)}  , t e [0,+“)  , is  called  a dynamic  neo- 
classical production  function. 

Proposition  3: 

There  exists  a dynamic  neoclassical  production  function  #(x)  e 3P(x)  , 
x z BM^  , if  and  only  if  the  efficient  subset  of  output  histories 
(Eff  IP(x))  is  a single  output  history. 


Before  proving  this  proposition  define  the  efficient  subset  of 
output  histories  by: 

!{u  | u e P(x)  , v > u v 4 P(x) } , P(x)  j*  0 
0 for  P(x)  ■ 0 . 

The  output  correspondence  x -*■  P(x)  is  bounded  and  closed 
(see  properties  P.2  and  P.5)  thus  by  argument  like  those  of  Proposition 
1*  it  follows  that  lEff  P(x)  nonempty  for  x e BM^  . 

Proof  of  Proposition  3: 

Assume  there  is  a dynamic  neoclassical  production  function  # (x)  e P 
x e BM^  . Then  #(x(t))  > u(t)  for  all  t e [ 0 ,+<*>)  and  u e P(x)  , 
implying  that  lEff  P(x)  = {#(x)J  . Conversely  assume  lEff  P(x)  = {u} 
thus  for  all  v e P(x)  , u(t)  > v(t)  , t e and  hence  #(x)  : = u 

is  a neoclassical  dynamic  production  function.  Q.E.D 
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4.  ESSENTIALITY  OF  PRODUCTION  FACTORS  AND  LIMITATIONALITY  OF  OUTPUT  RATES 

The  first  step  in  characterizing  a dynamic  law  of  diminishing 
returns  is  dealt  with  in  this  section.  The  aim  here  is  to  find  con- 
ditions under  which  there  are  bounds  on  the  rates  of  a subvector  of 
input  histories  such  that  output  rates  are  bounded  even  when  the  other 
inputs  may  freely  vary.  To  pursue  this  issue  introduce: 


Definition  2: 


if 


A factor  combination 
IP(x)  = 0 for  all  x e 


{v^tV2»  •••»  vj^ 

lx  e BM?  I x 

I + vi 


, 1 < k < n , is  essential 
= 0 , i = 1,2,  . ...  k|  ■ : 


D^V1,V2’  '*•’  ' 


Definition  3: 

A factor  combination  ^V^»V2>  •••»  , 1 < k < n , is  output 

rate  weak  limitational  if  there  exists  a positive  scalar  B such 

that  IP(x)  is  bounded  for  all  x e<x  e BM^  I I lx  ,x  , ...,  x 

I + 1 11  V1’  v ' 


Definition  4: 


A factor  combination  •••»  , 1 < k < n , is  output 
rate  strong  limitational  if  for  each  positive  scalar  B , IP(x)  is 
bounded  for  all  x e 


|x  e BM"  | Ifx^.x^,  ....  \ < b|  . 


Note  that  if  a factor  combination  {v^,v  , •••»  is  essential, 

then  the  intersection  ( ]L(u)  Pi  DCv^.v^,  ....  v^))  is  empty  for  all 
u / 0 . Also  note  that  an  output  rate  strong  limitational  factor  com- 
bination is  weak  limitational. 


v u 
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The  relationship  between  essentiality  and  weak  llmltationallty 
Is  clear  from: 


Proposition  4: 


A factor  combination  {v^,v2>  •••*  , 1 < k < n , is  essential 

If  and  only  if  It  Is  output  rate  weak  limitations! . 


Proof: 

Assume  first  that  the  factor  combination  (v^,v2>  •••»  vk^  *8  not 
essential,  then  there  is  an  Input  history  x°  e ...»  vfc)  such 

that  there  is  a nonzero  output  history  u e lP(x°)  , hence  by  property  IP. 4, 
that  factor  combination  is  not  output  rate  strong  nor  weak  limitational . 

To  prove  the  converse,  assume  that  {v^,v2,  •••»  vjc^  an  essential 
factor  combination.  Then  for  any  nonzero  u e BM+  , E(u)  O ...»  v^) 

is  empty.  Also  since  Eff  E(u)  C E(u)  and  E(u)  is  closed  (property  E.5) 
the  intersection  Eff  E(u)Pl  v^)  , where  Eff  E(u)  denotes 

the  closure  of  Eff  E(u)  , is  empty.  The  sot  DCv^.v^,  ...»  v^)  is 
nonempty  and  closed  thus  for  x c Eff  E(u°)  , with  u°  e BM+  , u°  ^ 0 
and  E(u°)  nonempty,  the  distance 

d(x,D(v1,v2,  ....  vk))  : *=  inf  { | |x  - y|  | | y e D(v]L,v2,  ...,  vfc)} 


is  strictly  positive.  The  function  d is  continuous  in  x (see  [1],  p.  84) 
and  since  Eff  E(u°)  is  a nonempty  compact  set  (see  asymmetric  axiom) 
there  is  an  input  vector  x°  e Eff  E(u°)  such  that  x°  minimize 
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Choose  as  Che  positive  bound  B - 6/2  . By  Proposition  2, 


lL(u  ) C ^]Eff  li(u  ) + BM; 
Intersections 


c) 


thus  It  follows  from  property  P.6  that  the 

are 


|]L(u)  Pi  jx  e Bm£  | ||xv^,x^ xvJ|  < b|| 

empty  for  all  u > u°  . Consequently,  the  essential  factor  combination 
is  output  rate  weak  limltational . Q.E.D. 


In  order  to  show  that  essentiality  not  necessarily  Implies  output 
rate  strong  limitationality , consider  the  following  production  function: 


(1)  #(xltx2) 


x^t^  + x2(t2)  for  tf  > 0 , 1 » 1,2  , Xj  (t^)  > B > 0 , 

t1  > T > 0 , x2(t2)  > 0 

0 for  t^  ■ 0 , 1 ■ 1,2  , B > x^(t^)  > 0 , T > t^  > 0 , 

x2(t2)  > 0 » 


where  x^(t^)  * 1 “ 1,2  , are  step  functions  for  t > T , T > t . Clearly  the 
first  factor  is  essential  and  for  positive  bound  on  | |x^| | less  than  B , 
it  is  limltational.  On  the  other  hand,  for  x°(t.)  > B and  t.  > T , 

1 - 1,2  , ||  #|x°,x2j|  | +“  as  ||x2ll  "*■  +“  • Hence,  x^  Is  essential 

but  not  output  rate  strong  limltational. 

For  the  special  case  of  a homothetic  input  correspondence  it  will 
be  shown  that  an  essential  factor  combination  is  output  rate  strong 
limltational.  Therefore  introduce: 

Definition  5: 

The  dynamic  input  correspondence  u TL(u ) is  homothetic  if 
H(u)  : ■ F(u)  • ]L(1)  , where  the  functional  F : BM+  -*•  R+  satisfies: 

F.l  F(u)  > 0 for  u j*  0 . F.2  F(u)  is  finite  for  ||u||  < +•  and 
IL(u)  not  empty,  +•  for  IL(u)  empty.  F.3  F(u)  > F(u')  for 


P 
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u > u'  . F.4  F Is  lower  semi-continuous.  F.5  F(u)  -*•  -H*>  as 
| | u | | -*■+•»  with  1L(1)  being  a fixed  Input  set,  closed  and  for 
x e 1.(1)  , X • x e 1.(1)  , X > 1 . 

Proposition  5: 

If  u -*■  1L  (u)  is  homothetlc,  a factor  combination  ^V^>V2 , 

1 < k < n , is  essential  if  and  only  if  it  is  output  rate  strong  llmltatlonal. 


Proof : 

From  the  first  part  of  the  proof  of  Proposition  4 It  is  clear  that 
(in  general  without  homothetlcity)  output  rate  strong  limltatlonallty 
of  a factor  combination  implies  that  it  is  essential.  To  prove  the 
converse  let  B°  be  an  arbitrarily  chosen  bound  on  the  essential  factors 
of  production.  Then  clearly  from  property  F.5  there  is  a u°  such  that 
the  intersection 


^F(u)  . 1.(1)  n |x  e BM*  I ||xv^,xv^,  ....  xvJ|  < b|| 


is  empty  for  any  u > u 


Q.E.D. 


It  is  also  of  Interest  to  give  a complete  characterization  of  when 
essentiality  of  a factor  combination  is  equivalent  to  output  rate  strong 
limltatlonallty.  The  following  proposition  does  this. 


Proposition  6; 

A necessary  and  sufficient  for  an  essential  factor  combination 
^V1,V2*  vk^  » 1 < k < n , to  be  output  rate  strong  llmltatlonal 

is  that  for  each  positive  bound  B , there  is  a u(B)  e BM+  such  that 
the  intersection  ^1Eff  1L(u)  O |x  e BM^  | ||xv^,xv^,  ....  XvJ|  < b|| 

is  empty  for  u > u(B)  . 


Proof : 


From  Proposition  2 and  property  IP. 6 of  the  technology  the 
sufficiency  clearly  follows.  To  prove  the  necessity,  assume  that 
an  essential  factor  combination  is  output  rate  strong  limltational , 
then  for  each  positive  bound  B , there  is  a u(B)  e BM+  such  that 
^L(u)Pl  jx  e BM^  | ||xv  ,xv  , ...,  xvJ  I < b||  is  empty  for  any 

u > u(B)  . Consequently  since  Eff  E(u)  C E(u)  and  E(u)  is  closed 
the  proposition  holds.  Q.E.D. 

The  economic  interpretation  of  the  condition  stated  in  Proposition  6 
is  that  for  efficient  increases  in  production,  more  of  the  essential 


factors  must  be  used. 


4 
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5.  A REFINEMENT  OF  THE  GENERAL  TECHNOLOGY 

The  next  step  in  explaining  a dynamic  law  of  diminishing  returns 

is  to  show  how  time  bounds  on  the  essential  factors  i.e.,  x (t)  * 0 

vi 

for  t > T^  i ■ 1,2,  . ..,  k relates  to  time  bounds  on  net  output. 

The  purpose  of  this  is  to  model  the  situation  where  some  (essential) 
factor  is  exhausted  and  to  analyze  its  consequences  on  the  availability 
of  net  outputs. 

In  order  to  pursue  this  issue  some  additional  axioms  will  be  intro- 
duced. For  this  reason  consider  the  following  notations. 

For  f c BM®  and  F C BM^  (a  * 1 or  n in  this  paper),  define: 

supp  f : - {t  e ]R+  | f^(t)  > 0 , i = 1,  . . . , a ^ , 

supp  F : = jt  e R®  | yt)  > 0 , i = 1,  . ...  a , f e f|  , 
j n 

sup  supp  F : » <t  e n ( ]R  U {-1}),  | t : = sup  {t  | r e supp  f } , 

( i=l  11  11  1 

1=1,  ...,a  , f e F 

Note  that  sup  supp  for  f^  = 0 is  taken  equal  to  -1  and 
for  supp  f^  not  bounded  sup  supp  f : ■ +■>  . 

The  following  three  axioms  on  the  time  structure  of  production, 
not  found  in  [7],  are  applied: 
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T.l  IP(x)  ■ 0 for  x e BM*J  with  x^(t)  »0,t>0,i-l,2, 

T.2  If  supp  ]P(x)  c [t®,t^]  nonempty  for  x e BM^  , then  for  each 

t > 0 , there  Is  an  Input  vector  x e BM^  , x1(t)  : *»  x^t  + t)  , 

t e R , i » 1,2,  ....  n , such  that  supp  IP(x)  c [t°  + x.t1  t ; 

T.3  For  supp  u bounded,  supp  lEff  IL(u)  Is  bounded. 

The  first  axiom  states  that  If  positive  Inputs  is  only  applied  at 
t ■ 0 , there  can  be  no  net  output.  This  axiom  is  motivated  by  the  fact 
that  production  takes  time.  Note  that  T.l  dominates  1P.1  above  i.e. , 
if  T.l  applies  so  does  1P.1.  Axiom  T.2  is  motivated  by  nonforgetfulness 
and  says  that  if  net  output  can  be  produced  within  a time  period,  by 
delaying  the  use  of  inputs,  output  can  be  produced  at  any  translation  of 
that  time  interval.  The  last  axiom  states  that  for  bounded  production 
periods,  it  can  not  be  efficient  to  apply  inputs  indefinitely. 

With  these  additional  axioms  on  the  production  technology,  time  bounds 
on  inputs  and  net  output  are  next  studied. 
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6.  ESSENTIALITY  OF  PRODUCTION  FACTORS  AND  LIMITATIONALITY  OF  OUTPUT  TIME 

Two  forms  of  output  time  limitationality  are  distinguished  between, 
namely : 

Definition  6; 

A factor  combination  •••»  vjc^  » 1 < k * n , is  output  time 

weak  limitational  if  there  is  a positive  time  bound  T e (0,4®)  , such 
that  sup  supp  IP(x)  is  bounded  for  all  x e <x  e BM  | x (t)  =0  , 

j ( Vi 

t e [T,4®)  , i - 1,2,  ...,  k > , and 
Definition  7; 

A factor  combination  vfc}  , 1 < k < n , is  output  time 

strong  limitational  if  for  each  positive  time  bound  T e (0,+®)  , 

sup  supp  IP(x)  is  bounded  for  all  x e \x  £ BM  | x (t)  *=  0 , t £ (1,+°°)  , 

\ 1 i 

i * 1,2,  ....  k>  . 

Clearly  if  a factor  combination  is  output  time  strong  limitational 
it  is  weakly  so.  Next  the  relationship  between  essentiality  and  output 
time  weak  limitationality  is  shown. 

Proposition  7 : 

A factor  combination  ^v^»v2*  •••»  * 1 < h < n » Is  essential 

if  and  only  if  it  is  output  time  weak  limitational. 

Proof: 

Assume  first  that  the  factor  combination  {y1»v2*  •••*  is  not 

essential.  Then  there  is  an  input  history  x°  e DCv^.v^,  ...»  vfc)  such 
that  7P(x°)  + 0 . If  sup  supp  ff(x°)  not  bounded  then  there  is 
nothing  to  prove  thus  assume  sup  supp  !P(x°)  bounded.  Then  it  follows 
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from  property  T.2  that  ^vi»v2»  ....  v^}  is  not  output  time  weak  nor 
strong  limitational,  proving  the  second  part. 

In  proving  the  converse  the  following  lemma  is  useful. 


Lemma  2: 


If  the  intersection  (sup  supp  Eff  3L(u)0  supp  jx  e BM^  | (t)  = 0 , 


t > T , i - 1 


x,.  (t)  * 0 , t > I , i * 1 


,2,  ....  k>  I is  empty  so  is  (sup  supp  IL(u)  H supp  <x  e BM^ 

v \\  \ I 

1 J 1 • 1 ’ w kJ) 1 “ e ^ ' 


Proof : 


It  is  first  shown  that  sup  supp  IL(u)  C^sup  supp  Eff  IL(u)  + E+j  . 

Thus  let  t e sup  supp  E(u)  , then  t = sup  supp  x for  some  x e ]L(u) 
and  by  Proposition  2,  x = y + z where  y e Eff  E(u)  and  z e BM+  . 

Let  t^  : sup  supp  y , then  since  Eff  E(u)  C E(u)  , t - t^  > 0 

and  consequently,  t = t^  + (t  - t^)  where  t^  e sup  supp  Eff  E(u) 

and  (t  - t ) e e”  . It  is  clear  that  supp  <x  e BM^  | x (t)  = 0 , 

) ( n ^ 1 

t > T , i = 1,2,  ....  k>  C <t  e IT  (E U {-1}.  | t < T , i = 1,2,  ....  k , 

> < i-i  , i " 

t e E U {-1}  , i = k+l,k+2,  ...,  n>  and  hence  the  lemma  holds.  Q.E.D. 

Vi  ) 


To  continue  the  proof  of  Proposition  7 it  is  next  shown  that 
intersection  ( sup  supp  Eff  E(u)  H supp  jx  e BM^  | xv  (t)  = 0 , t > 0 , 


i - 1 


,2,  ....  kjj  Is 


empty  for  u I1  0 . For  this  reason  assume  that  t 


belongs  to  the  intersection.  Then  there  is  a sequence  {t  } C sup  supp  Eff  E(u) 


with  tn  -*■  t°  as  n -►  +°°  . 
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Consequently  there  is  a sequence  of  input  histories  (xn(tn)}  C 


IEff  E(u)  . It  then  follows  from  the  compactness  of  Eff  E(u)  that 

n,  n. 


n^  q n^ 

x ■*  x e Eff  E(u)  for  some  subsequence  x of  x“ (t“)  . Hence  by 


essentiality  of  the  factor  combination  *•’»  and  ^y  property  T.l 

of  the  production  technology  x°  must  have  x (t)  > 0 for  some  t > 0 , 

vi 

and  i = 1,2,  ...,k  a contradiction  since  t was  picked  from  the 

(t)  - 0 , t > 0 , 


I <X  E BM^  I X ( 

{ + vi 


intersection  ^sup  supp  Eff  E(u)Hsupp' 

i =>  1,2,  ....  kj|  • Now  let  u°  e BM^  , u°  f 0 , supp  u°  bounded  and  E(u°) 

not  empty.  Then,  sup  supp  Eff  E(u°)  is  a nonempty  compact  subset  of 
n L 

II  (E  U { —1} ) (see  property  T.3),  the  set  supp  <x  e BM?  | x (t)  = 0 , 
i»l  1 ( i 


.,2,  ....  n|  is 


t > 0 , i = 1,2,  . ...  n)  is  nonempty  and  by  definition  closed,  consequently 
by  arguments  like  those  used  to  prove  Proposition  4,  there  is  a positive 


time  bound  T such  that  sup  supp  Eff  E(u  ) has  an  empty  intersection 
with  supp  jx  e BM+  | x^  (t)  =0  , t > T , i = 1,2,  ....  kj  . Consequently 

by  Lemma  2 and  property  IP. 6,  Proposition  7 holds.  Q.E.D. 


The  production  function  (1)  above  also  satisfies  properties  T.l  - T.3. 
The  first  factor  is  essential  and  for  time  bounds  on  x^  less  that  T , 
it  is  output  time  limitational . However,  it  is  not  output  time  strong 
limitational,  see  above  conditions. 

For  a homothetic  input  correspondence  the  following  proposition  is 


valid: 


Proposition  8: 


If  the  input  correspondence  u -*■  ]L(u)  is  homothetic  an  essential 
factor  combination  •••»  , 1 < k < n , is  output  time  strong 

limitational . 

If  for  efficiently  increased  production  time  of  net  output  (i.e., 
sup  supp  u) , the  use  of  the  essential  factors  have  to  be  extended  in  time, 
then  a factor  combination  is  output  time  strong  limitational  if  and  only 
if  it  is  essential.  Formally: 


Proposition  9: 

A necessary  and  sufficient  condition  for  an  essential  factor  combination 
^V1,V2’  1 < k < n , to  be  output  time  strong  limitational  is 

that  for  each  positive  time  bound  T there  is  an  output  history  u(T) 


such  that  the  intersection  ^ sup  supp  lEff  IL(u)  D supp 
t>T  , i = 1,2,  ...,  kjj  is  empty  for  u > u(T)  . 


!X  E Bm"  I X 
+ 


(t)  - 0 , 


The  proof  is  immediate  from  Lemma  2 and  property  IP. 6 of  the  production 


structure. 
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